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Abstract
We update the CP–violating asymmetries in K+ → 3pi. In particular we study ∆gC and
∆gN –the asymmetries in the slope g. We emphasize its complementarity to the direct CP–
violation parameter ε′K and the large sensitivity to the size of the imaginary part of the octet
coupling Im G8 at lowest order in CHPT. We also give the prospects of a full calculation at
next–to–leading order of this and other CP–violating asymmetries which will be presented
elsewhere.
We have calculated 1
K2(k) → pi0(p1)pi0(p2)pi0(p3) ,
K2(k) → pi+(p1)pi−(p2)pi0(p3) ,
K1(k) → pi+(p1)pi−(p2)pi0(p3) ,
K+(k) → pi0(p1)pi0(p2)pi+(p3) ,
K+(k) → pi+(p1)pi+(p2)pi−(p3) , (1)
as well as their CP–conjugated decays at one–loop in Chiral Perturbation Theory (CHPT)
2,3,4 –see 5 for reviews. Above, the momentum of each particle is denoted between brackets
and
K1(2) =
K0 − (+)K0√
2
. (2)
The calculation has been done in the limit of equal up and down light quark masses and we
have included one–loop electromagnetic corrections for the dominant octet part. We have
not included photon loops.
CHPT is the effective field theory of the Standard Model at energies below one GeV .
The lowest order SU(3) × SU(3) chiral Lagrangian describing |∆S| = 1 transitions is
L(2)|∆S|=1 = C F 60 e2GE tr
(
∆32u
†Qu
)
+ CF 40 [G8 tr (∆32uµu
µ) +G′8tr (∆32χ+)
+ G27 t
ij,kl tr (∆ijuµ) tr (∆klu
µ)
]
+ h.c. , (3)
with
C = −3
5
GF√
2
VudVus
∗ ≃ −1.07 · 10−6GeV−2. (4)
F0 = (87 ± 6) MeV is the chiral limit value of the pion decay constant fpi = (92.4 ± 0.4)
MeV,
uµ ≡ iu†(DµU)u† = u†µ ,
∆ij = uλiju
† ,
(λij)ab ≡ δiaδjb ,
χ+(−) = u
†χu† + (−)uχ†u , (5)
χ = diag(mu,md,ms) , a 3 × 3 matrix collecting the light quark masses, and U ≡ u2 =
exp (i
√
2Φ/F0) is the exponential representation incorporating the octet of light pseudo-
scalar mesons in the SU(3) matrix Φ,
Φ ≡


pi0√
2
+
η8√
6
pi+ K+
pi− − pi0√
2
+
η8√
6
K0
K− K¯0 −2 η8√
6

 .
The non–zero components of the SU(3) × SU(3) tensor tij,kl are
t21,13 = t13,21 =
1
3
, t22,23 = t23,22 = −16 ,
t23,33 = t33,23 = −1
6
, t23,11 = t11,23 = 13 , (6)
and Q = diag(2/3,−1/3,−1/3) is a 3 × 3 matrix which collects the electric charge of the
three light quark flavors. The Lagrangian needed to describe K → 3pi at next–to–leading
order can be found in 3,4,6,7,8,9.
There is a long history of work concerning K → 3pi. First, using current algebra and
tree–level chiral Lagrangians10. The one–loop calculation was done in11, unfortunately the
analytical full results were not available. Recently there has appeared the first full published
result in 12. We have confirmed this result redoing the one–loop calculation1.
Using the K → 3pi one–loop results and the ones in 13 for K → pipi, a fit to all measured
CP–conserving amplitudes and decay rates of those two transitions was done in12 updating
the results in11. The result found there for the ratio of the isospin definite [0 and 2 ] K → pipi
amplitudes to all orders in CHPT is
A0[K → pipi]
A2[K → pipi] = 21.8 , (7)
giving the infamous ∆I = 1/2 rule and
[
A0[K → pipi]
A2[K → pipi]
](2)
= 17.8 , (8)
to lowest CHPT order p2. I.e., Final State Interactions (FSI) and the rest of higher order
corrections account for 22 % of the ∆I = 1/2 rule12. Yet most of this enhancement appears
at lowest CHPT order ! The last result is equivalent to the values of the lowest order coupling
constants
Re G8 = 5.5± 0.5 and G27 = 0.39± 0.05. (9)
In this normalization, G8 = G27 = 1 at large Nc.
CP–violating observables in K → 3pi has attracted also a lot of work since long time ago
14,15,16,17,18,19,21,22 and references therein.
In this talk, we update on the CP–violating asymmetries in the slope g defined as
|AK→3pi(s1, s2, s3)|2
|AK→3pi(s0, s0, s0)|2
= 1 + g y +O(x2, y2) , (10)
with si ≡ (k − pi)2, 3s0 ≡ m2K +m2pi(1) +m2pi(2) +m2pi(3) and the Dalitz variables
x ≡ s1 − s2
m2
pi+
, y ≡ s3 − s0
m2pi+
. (11)
The two asymmetries that we will be discussing here are
∆gC ≡ g[K
+ → pi+pi+pi−]− g[K− → pi−pi−pi+]
g[K+ → pi+pi+pi−] + g[K− → pi−pi−pi+] (12)
and
∆gN ≡ g[K
+ → pi0pi0pi+]− g[K− → pi0pi0pi−]
g[K+ → pi0pi0pi+] + g[K− → pi0pi0pi−] . (13)
They have been discussed in the literature before finding conflicting results
|∆gC | ≃ |∆gN | ≃ 11.0× 10−4 , (14)
in 18 ,
|∆gC | ≃ 0.07× 10−4 , (15)
in 19, and
|∆gC | ≃ 0.016× 10−4 , (16)
in20. The first result was claimed to be at one–loop, however they did not used CHPT fully
at one–loop. The last two results are at lowest order p2, but they made assumptions to get
those results too. Among them, they assumed the exact dominance of the gluonic penguin
and neglected the NLO chiral corrections in the result of ε′K to extract the contribution of
the gluonic penguin to the asymmetries. They also made some estimate of the NLO based
on strong assumptions which could increase their LO result up to one order of magnitude.
Recently NA48 has announced the possibility of measuring the asymmetry ∆gC with a
sensitivity of the order of 10−4 and maybe ∆gN , see for instance
23. It is therefore mandatory
to have an update of these predictions at NLO in CHPT.
We present here the CHPT leading order results for those asymmetries. The complete
NLO analysis including the dominant contributions to the imaginary part at the NLO non–
trivial order, i.e. at order p6, will be ready soon 1. At LO, the CP–violating asymmetry in
the slopes ∆gC(N) can be written to a very good approximation as
∆gC(N) ≃
m2K
F 20
AC(N) Im G8 +BC(N) Im (e
2GE) , (17)
with
AC(N) = fC(N)(Re G8, G27,m
2
K ,m
2
pi) and BC(N) = hC(N)(Re G8, G27,m
2
K ,m
2
pi).(18)
The analytic formulas can be found in 1.
Numerically, using the results in (9) for Re G8 and G27,
∆gC ≃ 0.015 Im G8 − 0.0014 Im (e2GE) ,
∆gN ≃ −0.0065 Im G8 − 0.0008 Im (e2GE) . (19)
Let us see what we do know about the couplings Im G8 and Im GE . At large Nc, the
contributions to Im G8 and Im GE are factorizable and there is no scheme nor matching scale
dependence . The unfactorizable topologies bring unrelated dynamics, so that we cannot give
any uncertainty to the large Nc result. We get
Im G8
∣∣∣
Nc
= (2.0±?) Im τ ,
Im (e2GE)
∣∣∣
Nc
= −(4.3±?) Im τ . (20)
In the Standard Model
Im τ ≡ −
∣∣∣∣ VtdV
∗
ts
VudV ∗us
∣∣∣∣ ≃ −6.05× 10−4, (21)
and we used here 24
〈qq〉MS(2GeV) = −(0.018± 0.004)GeV3, (22)
which agrees with most recent results for the quark condensate and light quark masses from
QCD sum rules and light quark masses from lattice QCD, see1 for references. At this order,
∆gC
∣∣∣LO
Nc
≃ −0.22× 10−4 and ∆gN
∣∣∣LO
Nc
≃ 0.57× 10−5 . (23)
There have been recently advances on going beyond the leading order in 1/Nc in both cou-
plings, Im G8 and Im GE .
In 25,26,27, there are recent model independent calculations of Im GE . The results there
are valid to all orders in 1/Nc and NLO in αS . They are obtained using hadronic tau data
collected by the ALEPH and OPAL Collaborations at LEP. The agreement is quite good
between them and their result can be summarized in
Im (e2GE) = −(5.9± 1.3) Im τ , (24)
where the central value is an average and the error is the smallest one. In 28 it was used a
Minimal Hadronic Approximation to large Nc to calculate Im GE , they get
Im (e2GE) = −(9.9± 3.0) Im τ, (25)
which is also in agreement though somewhat larger. There are also lattice results for Im GE
using domain–wall fermions 29 and Wilson fermions 30. All of them made the chiral limit
extrapolations, their results are in agreement between them and the average gives
Im (e2GE) = −(4.7± 0.4) Im τ . (26)
There are also results about Im G8 at NLO in 1/Nc. In
31, the authors did a calculation
using a hadronic model which reproduced the ∆I = 1/2 rule through very large Q2 penguin–
like contributions 32
Re G8 = 5.9± 1.5, and G27 = 0.33± 0.10 , (27)
in very good agreement with the experimental results in (9). The result found there was at
NLO in 1/Nc
Im G8 = (5.1± 1.2) Im τ . (28)
The hadronic model used there had however some drawbacks 33 which will be eliminated
and the work eventually updated following the lines in 34.
Very recently, using a Minimal Hadronic Approximation to large Nc, the authors of
35
found qualitatively similar results. I.e. enhancement toward the explanation of the ∆I = 1/2
rule through Q2 penguin–like diagrams and a matrix element of the gluonic penguin Q6
around three times the factorizable contribution.
After these results we can safely neglect the EM penguin contribution to ∆gC(N) and
conclude that these asymmetries are to a very good approximation proportional to Im G8.
This is interesting since with a good enough accuracy, this asymmetry can check a large
Im G8. This makes also this asymmetry complementary to the direct CP–violating parameter
ε′K where there is a strong cancellation between the Im G8 and Im GE contributions.
The results we get at LO are
∆gC
∣∣∣
LO
= − [0.51± 0.25]× 10−4 and ∆gN
∣∣∣
LO
= [1.70± 0.85]× 10−5 , (29)
where we have used the results in (24) and (28).
At NLO, we have to include several ingredients. For the real part, we need the chiral
logs and counterterms, Ki. The chiral logs are analytically known
12,1. The real part of the
counterterms, Re Ki, that enter in K → 3pi can be obtained from the fit to data done in 12.
At NLO we also need Im G′8 in addition to Im G8, for which, to the best of our knowledge,
there is just one calculation at NLO in 1/Nc at present in
31. The results found there, using
the same hadronic model discussed above, are
Re G′8 = 0.9± 0.1, and Im G′8 = (1.0± 0.2)Im τ . (30)
The imaginary part of the rest of the counterterms, Im Ki, is much more problematic and
there is no NLO in 1/Nc calculation of them at present.
We can use several approaches to get the order of magnitude and/or the signs of the rest
of the imaginary parts of the purely order p4 couplings. These approaches to get information
of the those unknown imaginary parts are factorization plus meson dominance36, largeNc, or
assuming that the ratio of the real and imaginary parts are dominated by the same dynamics
at all orders in CHPT, therefore
Im Ki
Re Ki
≃ Im G8
Re G8
≃ Im G
′
8
Re G′8
. (31)
Notice that the last relation is well satisfied by the model calculation in 31. This will allow
us to check the counterterm dependence of the CP–violating asymmetries.
Using the estimates of the imaginary part of the counterterms above and the results from
the fit in 12 for the real part, we have checked that the sum g(K+ → pi+pi+pi−) + g(K− →
pi−pi−pi+) is dominated by chiral logs. In the difference g(K+ → pi+pi+pi−) − g(K− →
pi−pi−pi+) the counterterm contribution is however important and needs more work.
The last ingredient to have a complete analysis of the CP–violating asymmetries at NLO
are the phases generated by the two–loop amplitudes K → 3pi. The lowest non-trivial order
is p4 which is analytically known. This is the one that has to be used in LO prediction
of ∆gC . At NLO, one needs the same calculation at order p
6 which is not available at
present. However, one can do a very good job using the known results at order p4 and the
optical theorem to get analytically the order p6 imaginary parts that come from two one–loop
bubbles which we can assume to be dominant 1,22 to a very good accuracy. We disregard
three-body rescattering since they cannot be written as a bubble resummation. One can
expect them to be rather small being suppressed by the phase space available.
We have presented here an update of the K+ → 3pi CP–violating asymmetries ∆gC(N)
at LO in the Standard Model. We are working in the full NLO corrections which will be
ready soon 1.
The measurement of this decay by NA48 or elsewhere will be extremely interesting for
several reasons. We have seen that the asymmetries ∆gC(N) are proportional at lowest
order to Im G8 to a very good approximation. This allows a consistency check between the
theoretical predictions for ε′K
31,35,38. Any prediction for ε′K has to be also able to predict
the CP–violating asymmetries. The measurement of those asymmetries may allow to check
the large Im G8 results found at NLO, see for instance
31,35 and references therein.
Moreover, it seems that some models beyond the Standard Model can achieve values not
much larger than 1 × 10−4, see for instance 37. It will be important to check if that value
can be attained in the Standard Model too.
We are also finishing the analysis of the CP–violating asymmetries in the integrated rates
of the charged Kaon decays into three pions, ∆Γ at NLO order in CHPT.
Acknowledgments
This work has been supported in part by the RTN European Union No HPRN-CT-2002-
00311 (EURIDICE). E.G. is indebted to MECD (Spain) for a F.P.U. fellowship. The work of
E.G. and J.P. has been supported in part by MCYT (Spain) under Grants No. FPA2000-1558
and HF2001-0116 and by Junta de Andaluc´ıa Grant No. FQM-101. The work of I.S. has
been supported in part by the Swiss National Science Foundation and RTN, BBW-Contract
No. 01.0357.
References
1. E. Ga´miz, J. Prades, and I. Scimemi, preprint CAFPE/19-03, Granada preprint
UGFT/149-03, and Bern preprint BUTP-2003-12.
2. S. Weinberg, Physica A 96 (1979) 327.
3. J. Gasser and H. Leutwyler, Annals Phys. 158 (1984) 142.
4. J. Gasser and H. Leutwyler, Nucl. Phys. B 250 (1985) 465.
5. G. Ecker, Lectures given at the Advanced School on QCD 2000, Benasque, (Huesca),
Spain, hep-ph/0011026; A. Pich, hep-ph/9806303
6. J. Kambor, J.Missimer and D. Wyler, Nucl. Phys. B 346 (1990) 17.
7. G. Esposito-Fare`se Z. Phys. C 50 (1991) 255.
8. G. Ecker, J. Kambor and D. Wyler, Nucl. Phys. B 394 (1993) 101.
9. G. Ecker, G. Isidori, G. Mu¨ller, H. Neufeld and A. Pich, Nucl. Phys. B 591 (2000) 419.
10. B.R. Holstein, Phys. Rev. 177 (1969) 2417; ibidem 183 (1969) 1228.
11. J. Kambor, J. Missimer and D. Wyler, Phys. Lett. B 261 (1991) 496.
12. J. Bijnens, P. Dhonte and F. Persson, Nucl. Phys. B 648 (2003) 317.
13. J. Bijnens, E. Pallante and J. Prades, Nucl. Phys. B 521 (1998) 305.
14. L.-F. Li and L. Wolfenstein, Phys. Rev. D 21 (1980) 178.
15. C. Avilez, Phys. Rev. D 23 (1981) 1124.
16. B. Grinstein, S.-J. Rey and M.B. Wise, Phys. Rev. D 33 (1986) 1495.
17. J.F. Donoghue, B.R. Holstein and G. Valencia, Phys. Rev. D 36 (1987) 798.
18. A.A. Bel’kov, A.V. Lanyov, G. Bohm and D. Ebert, Phys. Lett. B 232 (1989) 118;
A.A. Bel’kov, G. Bohm, D. Ebert, A.V. Lanyov and A. Schaale, Int. J. Mod. Phys. A
7 (1992) 4757.
19. G. D’Ambrosio, G. Isidori and N. Paver, Phys. Lett. B 273 (1991) 497.
20. G. Isidori, L. Maiani and A. Pugliese, Nucl. Phys. B 381 (1992) 522.
21. E.P. Shabalin, Nucl. Phys. B 409 (1993) 87; ITEP-92-6; Phys. Atom. Nucl. 61 (1998)
1372 [Yad. Fiz. 61 (1998) 1478].
22. G. D’Ambrosio, G. Isidori, A. Pugliese and N. Paver, Phys. Rev. D 50 (1994) 5767
[Erratum-ibid. D 51 (1995) 3975].
23. R. Wanke, Talk at the XXXVIII Rencontres de Moriond on ElectroWeak Interactions
and Unified Theories, Les Arcs, France, March 15-22 2003
24. J. Bijnens, J. Prades and E. de Rafael, Phys. Lett. B 348 (1995) 226.
25. V. Cirigliano, J.F. Donoghue, E. Golowich and K. Maltman, Phys. Lett. B 555 (2003)
71; hep-ph/0209332; Phys. Lett. B 522 (2001) 245.
26. S. Narison, Nucl. Phys. B 593 (2001) 3.
27. J. Bijnens, E. Ga´miz and J. Prades, J. High Energy Phys. 10 (2001) 009; E. Ga´miz,
J. Prades and J. Bijnens, hep-ph/0209089.
28. M. Knecht, S. Peris and E. de Rafael, Phys. Lett. B 508 (2001) 117; Phys. Lett. B 457
(1999) 227.
29. J.I. Noaki et al. [CP–PACS Collaboration], hep-lat/0108013; T. Blum et al. [RBC
Collaboration], hep-lat/0110075;
30. D. Becirevic et al. [SPQCDR Collaboration], hep-lat/0209136.
31. J. Bijnens and J. Prades, J. High Energy Phys. 06, 035 (2000); Nucl. Phys. Proc.
Suppl. 96, 354 (2001); hep-ph/0009156; hep-ph/0009155;
32. J. Bijnens and J. Prades, J. High Energy Phys. 01, 023 (1999); J.Prades, Nucl. Phys.
Proc. Suppl. 86, 294 (2000).
33. S. Peris, M. Perrottet and E. de Rafael, J. High Energy Phys. 05 (1998) 011.
34. J. Bijnens, E. Ga´miz, E. Lipartia and J. Prades, J. High Energy Phys. 04 (2003) 055.
35. T. Hambye, S. Peris and E. de Rafael, hep-ph/0305104
36. G. Ecker, J. Gasser, A. Pich and E. de Rafael, Nucl. Phys. B 321 (1989) 311.
37. G. D’Ambrosio, G. Isidori and G. Martinelli, Phys. Lett. B 480 (2000) 164.
38. E. Pallante, A. Pich and I. Scimemi, Nucl. Phys. B 617 (2001) 441; E. Pallante and A.
Pich, Nucl. Phys. B 592 (2001) 294; Phys. Rev. Lett. 84 (2000) 2568.
